The elliptic integral solution is often considered to be the most accurate method for analyzing large deflections of thin beams in compliant mechanisms. In this paper, a comprehensive solution based on the elliptic integrals is proposed for solving large deflection problems. By explicitly incorporating the number of inflection points and the sign of the end-moment load in the derivation, the comprehensive solution is capable of solving large deflections of thin beams with multiple inflection points and subject to any kinds of load cases. The comprehensive solution also extends the elliptic integral solutions to be suitable for any beam end angle. Deflected configurations of complex modes solved by the comprehensive solution are presented and discussed. The use of the comprehensive solution in analyzing compliant mechanisms is also demonstrated by examples.
Introduction
Compliant mechanisms, which achieve at least some of their mobility from the deflection of flexible segments rather than from articulated joints only, offer many advantages such as energy storage, increased precision, and reduced wear, backlash and part number [1] . However, the nonlinearity associated with the large deflection problem often complicates the design and analysis of compliant mechanisms. One of the major difficulties lies in accurately modeling the large deflections in compliant mechanisms.
Several methods are currently available for solving the large deflection problems in compliant mechanisms, e.g., the circle-arc method [2] , the finite element method, the chain algorithm [1, [3] [4] [5] , the Adomian decomposition method [6] , the elliptic integral solution [7] , and various pseudo-rigid-body model (PRBM) methods [8] [9] [10] [11] [12] . Among these methods, the elliptic integral solution is often considered to be the most accurate method for modeling large deflections of beams that are so thin and flexible that the effects of axial elongation and shear are negligible. Bisshopp and Drucker derived an elliptic integral solution for beams subject to vertical forces [13] . Howell and Lyon et al. [1, 9, 10, 14] presented the elliptic integral solutions for a few load cases where no inflection point is produced in a beam. An elliptic integral solution for the large deflection with an inflection point was derived by Kimball and Tsai [15] . These solutions have the limitation that the slope h of the deflected beam is in the range of Àp þ / h < / (/ denotes the direction of the end force). Shoup presented the solutions to the undulating and nodal elastica based on the elliptic integrals [16, 17] . Chen and Zhang [18] derived the elliptic integral solution for stain energy in large-deflection beams and used the solution to evaluate the accuracy of PRBM. The elliptic integrals have also been used to solve the fixed-guided problem in which two inflection points might occur [19] [20] [21] .
In this paper, a comprehensive elliptic integral solution is proposed for solving the large deflections of beams of any end angle and with multiple inflection points. By incorporating the number of inflection points (m) and the sign of the end moment load (S M ) in the derivation, the comprehensive solution is capable of locating all the possible deflected configurations of the beam for a given tip load or tip deflection. The comprehensive solution also extends the elliptic integral solutions to be suitable for any beam end angle. The relationship between the deflection angles at inflection points is revealed for the first time. The comprehensive solution also encompasses the undulating and nodal elastica solutions.
The rest of the paper is organized as follows. In Sec. 2, the basic equations of the large deflection problem are reviewed and the angles at inflection points are further discussed. Section 3 presents the comprehensive elliptic integral solution and discusses a few deflected configurations of complex modes. Two examples are presented to demonstrate the use of the comprehensive solution in Sec. 4. Section 5 presents two case studies to show the capabilities of the comprehensive solution in solving problems with the slope h out of the range of Àp þ / h < / and with multiple inflection points. The last section has concluding remarks. Figure 1 shows an initially straight beam subject to an end force gP and an end moment M o . The end force can be divided into a vertical component P and a horizontal component nP and we have
Large Deflection Beam Equations
Without loss of generality, we assume P is always positive, while S M is introduced to denote the sign of M o as
According to the Bernoulli-Euler beam theory, the bending moment at an arbitrary point A (x, y) on the beam is proportional to the curvature at that point, that is
where EI is the flexural rigidity of the beam, M is the moment and dh=ds the curvature. Equation (3) can be rewritten as (see Ref. [1] for detailed derivation)
where h o is the deflected angle of the beam end. The sign in Eq. (4) is chosen as follows: positive for concave upward curvature and negative for convex downward curvature. Equation (4) can be rewritten as
where
and j is the load ratio [1] given as
Integrating Eq.
For the force index a defined in Ref. [1] given as
we have
Note that
substituting Eq. (10) into Eq. (5), separating variables and integrating yields
where a/L and b/L are the nondimensional coordinates of the tip point along the x-and y-axes, respectively. The signs of Eqs. (9) and (11) are chosen in the same way as for Eq. (4). Equations (9) and (11) together serve as the general equations for the large deflection problem. The elastica theory [16] shows that a deflected beam may possess an arbitrary number of inflection points. Let m ðm ! 0Þ denote the number of inflection points. Knowing that M ¼ 0 at inflection points, Eqs. (5) and (6) are reduced to the following form at inflection points
Equation (12) has an infinite set of solutions for h and each of the solutions (denoted asĥ) represents the deflection angle at an inflection point, as shown in Fig. 2 . The solution is given aŝ
where j indicates the jth inflection point numbering from the fixed end of the deflected beam and / represents the angle of the force applied at the free end (as marked in Fig. 1 )
Equation (13) also reveals the relationship between the deflection angles at inflection points. The deflection curves can be divided into two groups according to the sign of M r (the resulting moment at the fixed end of the beam, as marked in Fig. 1 ). Figure 3 Let's consider m ¼ 3 as an example to illustrate the change of angle h along a deflected beam. The angle increases from 0 toĥ 1 (the angle at the first inflection point D), then decreases fromĥ 1 tô h 2 (the angle at the second inflection point E), then increases from h 2 toĥ 3 (point F) and finally, decreases fromĥ 3 to the tip angle h o , as shown in Fig. 4 . In this example, the deflection angles are in the range of À2p þ / < h /, thus we havê Figure 3 (b) plots a few deflected configurations having negative curvature at the fixed ends, i.e., M r < 0 and S r ¼ ðÀ1Þ m S M ¼ À1. Again, because the curvature changes sign at inflection points, Eqs. (9) and (11) can be rewritten as
Without loss of generality, we defineĥ 0 ¼ 0 andĥ mþ1 ¼ h o . Equation (16) will be solved using the elliptic integrals in Sec. 3.
Comprehensive Elliptic Integral Solution
In this section, the elliptic integrals are used to solve Eq. (16). The incomplete elliptic integrals of the first and second kinds are defined as [22] Fðc; tÞ ¼
and Eðc; tÞ ¼
respectively, where c is called the amplitude and t (À1 t 1) the modulus. When c ¼ p=2, they become the complete elliptic integrals of the first and second kinds and are denoted as F(t) and E(t), respectively. Due to the limitation of the range of elliptic integrals, the elliptic integral solutions to Eq. (16) are divided into two parts: jkj > g and jkj g.
3.1 Case I: k>g. When jkj > g, the deformed curve changes monotonously [15] and there is therefore no inflection point (m ¼ 0). Equation (16) can be written as
where f ¼ Fðc 2 ; tÞ À Fðc 1 ; tÞ e ¼ Eðc 2 ; tÞ À Eðc 1 ; tÞ
and À0:5k b cgives the largest integer less than or equal to -0.5k. Journal of Mechanisms and Robotics MAY 2013, Vol. 5 / 021006-3 3.2 Case II: jkj £ g. For jkj g, the deformed curve may have an arbitrary number of inflection points (m ! 0). Equation (16) can be expressed using the elliptic integrals as
for jkj g and m ! 0 
where À0:5k b cis the largest integer less than or equal to -0.5k. Equations (19) and (20) include seven unknown parameters: three load parameters (a, j, and n), three deflection parameters (a, b, and h o ) and shape parameter (m). During the calculation, the shape parameter m should be given in advance. When there is no inflection point (m ¼ 0), the deflection can be solved by Eq. (19) for jkj > g and Eq. (20) for jkj g. When m ! 1, the deflection is solved exclusively by Eq. (20) . Among the other six parameters, given any three of them, the other three can be solved using Eqs. (19) or (20) . Nevertheless, an ideal way is to directly solve Eqs. (19) or (20) for a, a/L and b/L for given n, j, and h o . If three parameters other than n, j and h o are given, a numerical iteration process is required to solve the deflection. It should be noted that both S M ¼ 1 and S M ¼ À1 should be considered when solving deflection problems where M o is not specified.
The above derivation is based on the assumption of P > 0. In the case that P < 0, the signs of n, j, h o , S M and b (but not a) are reversed in Eqs. (19) and (20) .
3.3 Discussion of Comprehensive Solution. Generally speaking, a deflected configuration with more inflection points corresponds to a higher strain-energy level in the beam. Unless otherwise constrained, a deflected beam will have the least number of inflection points possible that still satisfies the governing equations and the boundary conditions. Therefore, when solving large deflection problems in compliant mechanisms, an iterative process can be employed to incrementally increase m from 0 to a number that yields a feasible solution (in this work, the build-in function "fsolve" in MATLAB was used with "TolFun" was set to 10 À8 ). As a starting point, it is reasonable to assume
thus only the following two solutions ofĥ j in Eq. (13) need to be considered
It is interesting to note that, for the range of Eq. (21), all the angles at odd inflection points are equal, and the angles at even inflection points are also equal. Substituting Eq. (22) into Eq. (20) yields
for À 2p þ / < h / and jkj g
There exists a special case worth mentioning in Eq. (23) . When h o ¼ 0 and m is even, f reduces to 2mS r FðtÞ, e to 2mS r EðtÞ and c to 0, thus Eq. (23) 
This indicates that a/L and b/L are independent of S M and m, that is to say, the deflected beam has multiple possible configurations for the same tip deflection, as illustrated in Fig. 5 . Even for a given m that is even, there still exist two deflection configurations, with one corresponding to S M ¼ 1 and the other to S M ¼ À1. This special case corresponds to the fixed-guided condition, which is an important case that can be found in many compliant mechanisms, e.g., fully compliant bistable mechanism [20, 21] and parallel guided mechanisms. Now consider a comprehensive solution for a deflection where h is beyond the scope outlined in Eq. (21) and is therefore also beyond the range of solutions presented in Refs. [1] and [15] , which are valid for Àp þ / h < /. Figure 6 illustrates the deflected curves for S M ¼ 1, n ¼ 0, and h o ¼ 3p obtained by Eq. (19) . It is shown that the deflected curve tends to a circle with increasing j, which concurs with the results in the nodal elastica solution [17] . The graphs in Fig. 7 plot the deflections calculated using Eq. (20) 
. The comprehensive solution is also useful for pure-force and pure-moment load cases. When the end load is a pure force (M o ¼ 0), S M can be both þ1 and -1, and Eq. (20) is used to solve for the force index a and the coordinates of the tip point for both cases. When the end load is a pure moment, i.e., P ¼ 0, the comprehensive solution can be used to approximate the deflection by using a very large value for j instead of 1, e.g., 10 5 . Figure 8 compares the tip point locus approximated by the comprehensive solution and that of [1] 
Verification
In this section, two examples taken from the literature are presented to verify the effectiveness of the comprehensive solution. Figure 9 shows a partially compliant four-bar mechanism taken from Ref. [11] . In the mechanism, Link DQ is compliant while links AB and 
Partial Compliant Four-Bar Mechanism.
(25) Figure 10 shows the free-body diagrams for links DQ, AB, and BQ. Applying the static equilibrium for link BQ yields
The input moment T in can be obtained by applying moment equilibrium for link AB
The parameters in Ref. [11] 
Fixed-Guided Compliant
Mechanism. The comprehensive elliptic integral solution was also used to analyze the kinetostatic behavior of a fixed-guided compliant mechanism such as used in many full compliant bistable mechanisms [20, 21] . Figure  14 illustrates an initially-straight fixed-guided beam, of which the fixed end has an angle b with the horizontal and the guided end moves vertically. A few authors have contributed to this problem, for example, Zhao et al. [19] presented a numerical method, Holst et al. [21] considered axial deflection in their elliptic integral solution, and Kim [23] proposed a curve decomposition method to simplify the derivation and calculation.
When a vertical force F v is applied at the guided end, the beam is deflected to arrive at a static equilibrium state. During bending, the end slope is constrained to be constant, thus we have h o 0. The coordinates of the guided end are given as Transactions of the ASME where d is the displacement of the guided end. F v can be solved as
Given the displacement d, the coordinates of the guided end, a and b, can be solved by Eq. (28). Substituting a and b into Eq. (23), j and n can be obtained by solving Eq. (24) for both S M ¼ 1 and S M ¼ À1.
The parameters of the beam are the same as those used in Ref. [19] : E ¼ 160GPa; b ¼ 1mm; h ¼ 0:1mm; L ¼ 30mm; and b ¼ 30 deg. Figure 15 shows two possible deflection paths of the beam. In general, both deflection paths start with configurations with two inflection points (m ¼ 2), and end with one of the inflection points having disappeared (m ¼ 1). For the deflection process shown in Fig. 15(a) , S M ¼ 1 (S r ¼ 1 for m ¼ 2 and S r ¼ À1 for m ¼ 1) and the first inflection point moves toward the fixed end of the beam until it disappears. For the deflection process shown in Fig. 15(b) , S r ¼ À1 (S M ¼ À1 for m ¼ 2 and S M ¼ 1 for m ¼ 1), the second inflection point moves toward the guided end until it disappears. As listed in Table 1 , the load-deflection relationships of the two deflection paths are identical except the end moments have opposite signs where two inflection points exist. Reference [21] shows a photograph of a device consisting of two parallel fixed-guided beams, in which one beam is deflected with S M ¼ 1, the other deflected with S M ¼ À1, and both carry two inflection points (m ¼ 2). For the purpose of comparison, we overlay the results of the comprehensive elliptic integral solution on the photograph of Ref. [21] (photo courtesy of Brian Jensen), as shown in Fig. 16 , with good agreement. Figure 17 shows the change of force 
Case Studies
Two mechanisms are employed as case studies to demonstrate the unique capabilities of the comprehensive solution to solve flexible beam problems that are outside the range of other methods. Table 1 The end forces and moments for the two deflection paths Fig. 18 has motion that is outside the range of other methods. Link OA is initially straight, flexible, and has one end attached to ground and the other rigidly connected to crank AB at point A. Crank AB is rigid and is pinned to ground at point B, thus guiding point A to follow a circular path. The lengths of link OA and AB are denoted as L OA and L AB , respectively. The x-axis is oriented along link OA and the angle of link AB with respect to the x-axis is denoted as b. The loop closure equations are given as For the parameters of the mechanism given in Table 2 The kinetostatics of the mechanism are plotted in Fig. 21 . Figure 21 shows that beam OA buckles at the beginning when nP reaches 47.7 N, which is slightly smaller than the critical buckling force predicted by Euler's formula for long column with fixed ends (P cr ¼ 4p 2 EI=L 2 ¼ 48:23N). This difference is due to the boundary conditions applied at the tip of OA.
Coupler-Curve Guided Compliant
Mechanism. This subsection presents a case study of a coupler-curve guided compliant mechanism to show the capability of the comprehensive solution in solving large deflections of flexible beams with more than two inflection points. The mechanism is comprised of a four-bar crank-rocker mechanism and a cantilever beam (OE) whose free end is rigidly connected to the coupler of the crankrocker mechanism via rigid link BE, as shown in Fig. 22 .
The x-axis is oriented along link OE. As link AB rotates clockwise, the tip deflections and the tip angle of beam OE are given as
(31) Transactions of the ASME where h 20 ; h 30 , and h 50 are the initial angle of link AB, BC, and BE, respectively. The tip loads can be obtained by simultaneously solving Eqs. (20) and (31). Figure 23 shows the free-body diagram for link AB, BC, BE, and OE. Applying the static equilibrium for link AB, BC, and BE yields
For the parameters of the mechanism given in Table 3 , point E traces a trajectory shown in Fig. 24 . OE starts to be deflected with two inflection points. The third inflection point appears from the root of the beam when the moment at the root (M r ) changes sign from negative to positive. The results also show that the angles at the first and the third inflection points are equal when the beam contains three inflection points (e.g., inflection points A and C 
Conclusions
A comprehensive solution based on the elliptic integrals was proposed for solving large deflection problems. By explicitly incorporating the number of inflection points (m) and the sign of the end-moment load (S M ) in the derivation, the comprehensive solution is capable of solving large deflections of thin beams with multiple inflection points and subject to any kinds of end loads. The comprehensive solution also extends the elliptic integral solutions to be suitable for any beam end angle. A few deflected configurations of complex modes solved by the comprehensive solution were presented and discussed. Two examples taken from the literature were presented to verify the effectiveness of the comprehensive solution. Lastly, two mechanisms were employed as case studies to demonstrate the unique capabilities of the comprehensive solution to solve large deflection problems of flexible beams that are outside the range of other methods. The comprehensive solution also shows promise for use in compliant mechanism synthesis, which will be an important topic for our future work.
